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1 Introduction 

The k-cosymplectic formalisms is one of the simplest geometric frameworks for describing first- 
order classical field theories. It is the generalization to field theories of the standard cosymplectic 
formalism for non- autonomous mechanics, |20[ 121], and it describes field theories involving the 
coordinates in the basis on the Lagrangian and on the Hamiltonian. The foundations of the 
A;-cosymplectic formalism are the /c-cosymplectic manifolds [20 [ [2l] . 

Historically, it is based on the so-called polysymplectic formalism developed by Giinther [TT| , 
who introduced polysymplectic manifolds. A refinement of this concept led to define k-symplectic 
manifolds [2j[3j|l], which are polysymplectic manifolds admiting Darboux-type coordinates |19j . 
(Other different polysymplectic formalisms for describing field theories have been also proposed 

[Bl 021 1221 1251 123 BSD- 

The natural extension of the /c-symplectic manifolds are the fe-cosymplectic manifolds. All 
of this is discused in Section [21 which is devoted to make a review on the main features and 
characteristics of /c-cosymplectic manifolds and of fe-cosymplectic Hamiltonian systems. We also 
introduce the notion of almost standard k-cosymplectic manifold, which are those that we are 
interested in this paper. 

The main objective of this paper is to study symmetries and conservation laws on first-order 
classical field theories, from the Hamiltonian viewpoint, using the A;-cosymplectic description, 
and considering only the regular case. These problems have been treated for fc-symplectic field 
theories in [23[ [28] . generalizing the results obtained for non-autonomous mechanical systems 
(see, in particular, |17j . and references quoted therein). We further remark that the problem 
of symmetries in field theory has also been analyzed using other geometric frameworks, such as 
the multisymplectic models (see, for instance, [H El El [TUl [HI fT4| fl8]). 

In this way, in Section [3] we recover the idea of conservation law or conserved quantity. Then, 
we introduce a particular kind of symmetries for (almost-standard) fc-cosymplectic Hamiltonian 
systems, essentially those transformations preserving the /c-cosymplectic structure, which allows 
us to state a generalization of Noether's theorem. The definition of these so-called k-cosymplectic 
Noether symmetries is inspired in the ideas introduced by C. Albert in his study of symmetries 
for the cosymplectic formalism of autonomous mechanical systems pp. 

Finally, as an example, in Section[3]we describe briefly the k-cosymplectic quadratic Hamilto- 
nian systems and we analyze some Noether symmetries for these kinds of systems (in particular, 
for the wave equation). 

In this paper, manifolds are real, paracompact, connected and C°°, maps are C°°, and sum 
over crossed repeated indices is understood. 

2 Geometric elements. Hamiltonian fc-cosymplectic formalism 

(The contents of this section can be seen in more detail in [21j). 
2.1 k- vector fields and integral sections 

Let M be an arbitrary manifold, T^M the Whitney sum TM© A. ©TM of k copies of TM 
and r : T^M — > M its canonical projection. T^M is usually called the tangent bundle of 
/^-velocities of M . 
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Definition 1 A fc-vector field on M is a section X : M — > T^M of the projection r. 

Giving a £;-vector field X is equivalent to giving a family of k vector fields X\ , . . . , Xj. on M 
obtained by projecting X onto every factor; that is, Xa = ta °X, where ta '■ T^M — > TM is the 
canonical projection onto the ^4^-copy TM of T^M. For this reason we will denote a /c-vector 
field by X={X 1 ,...,X k ). 

Definition 2 An integral section of the k-vector field (X\, . . . ,Xk) passing through a point 
x € M is a map ip : Uq C M. k — > M, defined on some neighborhood Uq of G R fc , such that 

V>(0) = x, Mt) (^J t ) = X AWt)) for every teU , 

A k-vector field X is integrable if every point of M belongs to the image of an integral section 
ofX. 

d 

In coordinates, if Xa = Xa— —, then ib is an integral section of X if, and only if, the following 
system of partial differential equations holds: 

We remark that a A:-vector field X = (X\, . . . ,Xk) is integrable if, and only if, the vector 
fields Xi, . . . , Xk generate a completely integrable distribution of rank k. This is the geometric 
expression of the integrability condition of the preceding differential equation (see, for instance, 

mm)- 

Observe that, in case k = 1, this definition coincides with the definition of integral curve of 
a vector field. 



2.2 /c-symplectic manifolds 

The polysymplectic structures were introduced in [11] and the fe-symplectic structures in [21 [19] . 



Definition 3 Let M be a differentiable manifold of dimension N = n + kn. 

1. A polysymplectic structure on M is a family (u!q) (\ < A <k), where each Uq 6 f2 2 (M) 
is a closed form, such that 

nJUkeratf = {0}. 
Then (M,coq) is called a polysymplectic manifold. 

2. A fc-symplectic structure on M is a family (ujq,V) (1 < A < k), such that (M,ojq ) is a 
polysymplectic manifold and V is an integrable nk- dimensional tangent distribution on M 
satisfying that, 

Uq\vy.V = 0, for every A. 
Then (M,u)q,V) is called a /c-symplectic manifold. 

The k-symplectic (resp., polysymplectic) structure is exact if uJq = d0Q, for all A. 
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Theorem 1 [19]. Let (ui A , V) be a k-symplectic structure on M. For every point of M there 
exists a neighbourhood U and local coordinates (q z ,pf) (1 < % < n, 1 < A < k) such that, on U, 

\9pt dPi / i=l,...,n 



These are called Darboux or canonical coordinates of the /c-symplectic manifold. 

The canonical model of a /c-symplectic manifold is ((T^)*Q, ujq, V), where Q is a n-dimensional 
differentiable manifold and (T£)*Q = T*Q® .*. ®T*Q is the Whitney sum of k copies of the 
cotangent bundle T*Q, which is usually called the bundle of k 1 -covelocities of Q (see |15J). We 
have the natural projections 

n A : (T*)*Q T*Q ; (ir Q ) i: (T*)*Q -> Q 

(q;a\,. . . ,a k q ) i-> (q;a A ) (q; a\, . . . , a k q ) ^ q 

The manifold (T^)*Q can be identified with the manifold J l (Q,M. k )o of 1-jets of mappings from 
Q to R k with target at G R fe , that is 

J^Q, R*)o = T*Q@ k .®T*Q 
j\,o a Q = ( dcr Q(q)> ■ ■ ■ > *Tq(<?)) 

where a A = -k a o q-q : Q — R is the j4 i/l component of <tq , and 7TQ 1 : R fc — > R is the canonical 
projection onto the A component. 

(T^)*Q is endowed with the canonical forms 

e A = (7r A ye , u A = (7r A )*u = -(ir A rde , 

where Oq an d wo = — d#o are the Liouville 1-form and the canonical symplectic form on T*Q. 
Obviously oo A = -d9 A . 

If (q*) (1 < i < n) are local coordinates on [/ C Q, the induced coordinates (q l ,pf) (1 < 
A < k) on (vtq)~ 1 (C/) are given by 



<f(<?; • • • , <*q) = <?*(<?), pf(q; a],..., a k ) = a A (-^ 



Then we have 

Oq = pfdq\ u A = dq i A dpf. 



Thus, the triple ((T^)*Q, uiq , V), where V = kerT(-7TQ)i, is a fc-symplectic manifold, and the 

-i) 



natural coordinates in (TV)*Q are Darboux coordinates. 



2.3 /c-cosymplectic manifolds 

Definition 4 Let M be a a differentiable manifold of dimension N = k + n + kn. 

1. A polycosymplectic structure in M. is a family {t] A ^uj a ) (1 < A < k), where r\ A £ Q 1 {M) 
and uj a £ Q 2 (A4) are closed forms satisfying that 

(a) T] 1 A . . . A rj k / 0. 

0>) (n^ =1 kerw A n^ =1 kerr; A ) = {0}. 
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Then, (Ai,rf A ,u ) is said to be a polycosymplectic manifold. 

2. A fc-cosymplectic structure in M. is a family (n A ,uj A , V) such that (M., r\ A , ui A ) is a poly- 
cosymplectic manifold, and V is an nk- dimensional integrable distribution on M., satisfying 
that 

(a) T] A \ V = 0. 

(b) w A |vxV = 0. 

Then, ( ftA , rj A , ui A , V) is said to be a fc-cosymplectic manifold. 
The k-cosymplectic (resp., polycosymplectic) structure is exact if <jJ A = d9 A , for all A. 

For every /c-cosymplectic structure (rj A , oj a , V) on A4, there exists a family of k vector fields 
{Ra} i<A<k, which are called Reeb vector fields, characterized by the following conditions [20] 

i(R A )ri B = <5| , i(R A )oJ B = ; 1 < A, B < k . 



Theorem 2 (Darboux Theorem) JWjj: If A4 is a k-cosymplectic manifold, then for every point 
of M there exists a local chart of coordinates (t A ,q l ,p A ), 1 < A < k, 1 < i < n, such that 



These are called Darboux or canonical coordinates of the fc-cosymplectic manifold. 

The canonical model for &:-cosymplectic manifolds is (R fc x (T^)*Q, r] A , co A , V). The manifold 
J 1 ttq of 1-jets of sections of the trivial bundle ttq : R k x Q — > Q is diffeomorphic to R fc x (T^)*Q. 
We use also the following notation for the canonical projections 

given by 

KQ(t,q) = q, {■K Q )ifi{t,a\,. . . ,a k q ) = {t,q), (TT Q )i{t, a\, . . . , a h q ) = q , 

with t E R k , q G Q and {a\, . . . , a k q ) G (T^)*Q. 

If (q l ) are local coordinates on U C then the induced local coordinates (t A ,q l ,p A ) on 
[(^l]" 1 ^) = M fc x (Tl)*U are given by 



t A (t, a\,...,a k q )= t A ; q^t, a l q ,..., a k ) = q^q); p A (t, a],..., a k ) = a A ( 
On R k x {Tl)*Q, we define the differential forms 



d_ 

dq l 



v A = (ir A ydt A , e A = (7r A ye , W A = (^)^ , 

where n A : R k x (T^)*Q ->• R and tt a : R k x (T£)*Q -^T*Q are the projections defined by 
TT A (t,(al,...,a k ))=t A , TT A (t,(al,...,a k )) = a A 
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In local coordinates we have 

n n 

r, A =dt A , 6 A = Y J Pfdq\ u A = Y,dq^dpi 



i=l 



Moreover, let V = ker T(ir Q ) 1>0 . Then V = ( Tr[ , . . . , — F ) 



Hence x (T^)*Q,n , cj" 4 , V) is a /c-cosymplectic manifold, and the natural coordinates of 
IR fe x (TlYQ are Darboux coordinates for this canonical fc-cosymplectic structure. Furthermore, 

r d i 

{ tt^t t are the Reeb vector fields of this structure. 

Now, let p : ~R k x Q — > x Q be a diffeomorphism of 7rg-fiber bundles, and let pq : 
Q — > Q be the diffeomorphism induced on the base. We can lift (p to a diffeomorphism 
x (Tl)*Q — > R k x (T^YQ such that the following diagram commutes: 



j U <P : 



J^q = R k x (TlYQ ■ 



(TlYQ 



fa) 



1.0 



xQ 



(ttq)i,o 
x Q 



Q 



Q 



Definition 5 Let p : R k x Q — > R k x Q be a ttq -bundles morphism in the above conditions. 
The canonical prolongation of the diffeomorphism (p is the map j l *p : — > J lr ^Q given by 



where a = (cr K k, Mq) and a^k : Q 



x Q 



It is clear that this definition is valid, because choosing other representative a' with the same 
1-jet at q gives the same result, that is, j^pd^a) is well defined. 



In local coordinates, if p(t B ,qi) = (p A (t B , <7 J ), (^((f 7 )) then 



[dq k +Pk 



l\k 



dt B J dq i 



<PQ{q j ) 



Definition 6 Let Z 6 X(R k x Q) be a -KQ-projectable vector field, with local l-parameter group 
of transformations p s :R k xQ — > R k x Q. Then the local l-parameter group of transformations 
f*p s : R k x (TlYQ — >R k x (TlYQ generates a vector field Z 1 * G 3L(R k x (7]J)*Q), which is 
called the complete lift of Z to R k x (TlYQ. 
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d ■ d 

If the local expression of Z € X(M, k x Q) is Z = Zatt-t + Z 1 -—, then 

ot oq l 

„u r?A d d (dZ A A dZ j \ d 



dt A dq i \ dq l Fj dq i J dp< 

i d . . d d R d 

where — ? denotes the total derivative, that is, — - = + »„■ 



A ■ 



dq i ' ' dqi dq i F% dt B ' 



2.4 A;-cosymplectic Hamiltonian systems 

Along this paper we are interested only in a kind of fe-cosymplectic manifolds: those which are 
of the form M = R k x M, where (M, u A , V) is a generic fc-symplectic manifold. Then, denoting 
by 

7r Rk :R k xM—>R k , n M :R k x M -> M 
the canonical projections, we have the differential forms 

r} A = 7T^ k dt A , U A =TT* M LJ A , 

and the distribution V in M defines a distribution V in M = R k xMina natural way. All the 
conditions given in definition 2] are verified, and hence R k x M is a fc-cosymplectic manifold. 
Prom the Darboux Theorem[T]we have local coordinates (t A , q l ,p A ) in R k x M. 

Observe that the standard model is a particular class of these kinds of /c-cosymplectic man- 
ifolds, where M = (T^)*Q. 

Definition 7 These kinds of k-cosymplectic manifolds will be called almost-standard /c-cosymplectic 
manifolds. 

Consider an almost-standard A;-cosymplectic manifold (R k x M, r/ A , uj a , V), and let H € 
C°°(M fc x M) be a Hamiltonian function. The couple (R k x M,H) is called a k-cosymplectic 
Hamiltonian system. 

We denote by X k H (R k x M) the set of (local) fc-vector fields X = (X lf . . . ,X k ) on R k x M 
wich are solutions to the equations 

k k 

rj A (X B ) = d A , J2*( XA ) ujA = dH -zZ RA ( H ^ A • (1) 
A=l A=l 

bince R A = d/dt A and r] A = dt A , then we can write locally the above equations as follows 

k k 

<J7^ 



dt A (x B ) = 5 A , ^ Xa ^ a = dH - E WA AtA 

A=l A=l 



Furthermore, for a section ifi: I C R k — > R k x M of the projection 7r K fe, the Hamilton-de 
Donder-Weyl equations for this system are 



k 



A=l 



°1>, (2) 
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In Darboux coordinates, if ip(t) = (ijr^(t),ij)' i (t),ifif-(t)), as tp is a section of the projection 7r K fc, 
it implies that ip A (t) = t A the above equations leads to the equations 

dH _ A (hfjf_ dH__d^ 

The relation between equations ([1]) and ([2]) is given by the following: 

Theorem 3 Let X = (Xi, . . .,X k ) £ X k H (R k X M) (i.e.; it is a k -vector field on R k x M which 
is a solution to the geometric Hamiltonian equations If a section ip : M. k — )• R fc x M of ir R k 
is an integral section o/X then ip is a solution to the Hamilton-de Donder-Weyl field equations 

m- 

(Proof) Let X = (X 1: . . . , X k ) G X k H (R k x M) be locally given by 

x A = (x A ) B ^ + (x A ) 1 -^- + {XjOf-^g , 
dt oq 1 dp? 

then, from JT]) we obtain 

= *S , ^ = (X A Y , ^ = -hx A )f, (4) 

and if ■0 : R fc — >• M fc x M, locally given by ip(t) = (t A , ip 1 (t) , ip A (t)) , is an integral section of X , 
then 

9V , Y Y dipf (Y , A 

Therefore, from we obtain that ip(t) is a solution to the Hamiltonian field equations ([3]). ■ 
And, conversely, we have: 

Lemma 1 If a section ip : R k — >• R k x M of is a solution to the Hamilton-de Donder-Weyl 
equation (0j and ip is an integral section o/X = (Xi, . . . , X k ), then X = (Xi, . . . , Xj.) is solution 
to the equations (QP at the points of the image of ip. 

(Proof) We must prove that 

h 

FlT-f FlT-f 

%^W)) = (x A )\m), ^m)) = - J2( x A)t(m) , (5) 

now as ip(t) = (t A , ip 1 (t) , ip A (t)) is integral section of X we have that 

^(t) = (x B y(m), = (x B )tm)) ■ (6) 

As ip is a solution to the Hamilton-de Donder-Weyl equation ([3]) then, from ©, we deduce 
©. ■ 

We cannot claim that X € X\[(R k x M) because we cannot assure that X is a solution to 
the equations ([TJ everywhere in x M. 
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Proposition 1 If tp : Uq C R fc — > R fc X M is a solution to the Hamilton-de Donder-Weyl 
equation then for each t € Uq there exist a neighborhood Ut of t and a k-vector field X* = 
(Xi, . . . ,Xf.) on i^(Ut) which is solution to the equations in ip(Ut). 



(Proof) If if> : Uq C M. k — > R fe x M is a solution to the Hamilton-de Donder-Weyl equation © 
then for every t £ Uq there exists a neigborhood Ut C £/o °f t, and a neigborhood coordinate 
system (W t , s A , q\pf) of ip(t), such that ^(Z7t) = W t C V'(^o), and ^(s) = (s, V>*(.s), V^C 5 )) for 
every s £ Ut. 

As ip\u t '■ Ut — > Wi is an injective immersion (■0 is a section and hence its image is an 
embedded submanifold) , we can define a /c-vector field X* = (X*, . . . , Xt) in ij)(JJt) as follows 



x t A ^(s)) = Ms' (> 



ds A 



seu t , 



and so ^\u t is an integral section of X*. Then, from the Lemma [T] one obtains that X* is solution 
to the equations JT]) in ip(Ut). ■ 

Remark: It should be noticed that, in general, equations ([1]) do not have a single solution. 
In fact, if (A4,n A ,u> A , V) is a k-cosymplectic manifold we can define the vector bundle morphism 

J : T\M — > T*M 



(X 1 ,...,X k ) -> uj*(X 1 ,...,X k ) = J2i(X A ) 



co A 



A=l 



and, denoting by M&(R) the space of matrices of order k whose entries are real numbers, the 
vector bundle morphism 

rf : T\M — ► M x M fc (R) 

(X h ...,X k ) ^ (T(X 1 ,...,X k ), v A (X B )). 

We denote by the same symbols w",ry" their natural extensions to vector fields and forms. 

Now, let H : A4 — > R be a real C°°-function on M. Then, as in the case of an almost- 
standard /c-cosymplectic manifold, we can consider the set 3i\jftA of the (local) /c-vector fields 
X = (Xi, . . . , Xfc) on A4 which are solutions to the equations 

k k 
r ] A (X B ) = 8 A , J2 i ( X A)u A = dH-Y,RA(H)n A . (7) 
A=l A=l 

Moreover, we may prove the following result 



Proposition 2 The solutions of Eqs. ^ are the sections of an affine bundle of rank (k — 
l)(kn + n) which is modelled on the vector subbundle kerw" n keirf ofT^M.. 

(Proof) We consider the vector subbundle kerry" of TlM and the vector bundle morphism 

J\ kciv « : kerr/ tt ^T*M. 

It is clear that this morphism takes values in the vector subbundle n A=1 (RA)° of T*A4, where 
{Ra)° is the vector subbundle of T*M whose fiber at the point x G M is {a G T*M/a(RA(x)) = 
0}. Furthermore, we have that 

ker(w"| ker j) = kerw" nker?/. 
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We will prove that 



J\ kerr}i : kerr/ -> n k A=1 (R A )° 



is an epimorphism of vector bundles. For this purpose, we will see that the dual morphism 

(J\ kcrvt y : (n k A=1 (RA)°y ^ (kevrjiy 
is a monomorphism of vector bundles. 

First of all, it is clear that the dual bundle to (~)\ =1 (Ra)° (respectively, kerr/") may be 
identified with the vector bundle whose fiber at the point x G M. is C\ k A=1 {ri A {x))° (respectively, 
{(«!,..., afe) G ((T^)*A / [) a; /aA(-R_B(2;)) = 0, for all A, B}) . Under these identifications, the 
morphism ^f ker7? tt ^ s gi yen by 

(<Aer„»)» = (^(x),...,^)^^)), for « g n^ =1 (^(x)}°. 

Thus, (w^|kcr?ytt)* i s a monomorphism of vector bundles. Then ^ kcrr] t ■ ker??f — >■ n^ =1 (i? J 4}° is an 
epimorphism of vector bundles. 

So, as the rank of the vector bundle ker rf (respectively, Pi a=1 {Ra)°) is k(kn+n) (respectively, 
kn + n), we deduce that the rank of the vector bundle ker a;" n ker 7/ is (k — l)(kn + n). 

Furthermore, if (X%, . . . , X/.) is a particular solution of the Eqs. ([1]) and Z is a section of the 
vector bundle ker a;" n ker rf — > M. then (Xi, . . . , XjA + Z also is a solution of these equations. 
In addition, if X' and X are solutions of Eqs. ([TJ then Z = X' — X is a section of the vector 
bundle kerw^ D ker rft — > A4. 

Finally, if (t A ,q l ,pf) are Darboux coordinates in a neighborhood U x of each point x G M 
then we may define a local fc-vector field on U x that satisfies ([7]). For instance, we can put 

fiu f)J-f 
(*iX 1 = — . (X A )? = 0forA^l^B , (X A y = — . 



dq' ' dp 



Now one can construct a global A:-vector field, which is a solution of ([I]), by using a partition of 
unity in the manifold Ad (see [2Q]). ■ 



3 Symmetries for /c-cosymplectic Hamiltonian systems 
3.1 Symmetries and conservation laws 

Let (R k x M,H) be a fc-cosymplectic Hamiltonian system. First, following [27], we introduce 
the next definition : 

Definition 8 A conservation law (or a conserved quantity,) for the Hamilton-de Donder-Weyl 
equations (0|) is a map J- = (J 71 , . . . , J- k ) : R k x M — > R k such that the divergence of 

jr o ip = (T 1 o V, . . . , T k o V) : U C R k — > R k 

is zero for every solution ip to the Hamilton-de Donder-Weyl equations that is for all t G 
U Q C R k , 



= [Div(F o m) = £ '-^P^ t = £ Mt) J (^) • (8) 



A=l A=l 
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Proposition 3 The map T = (J- 1 , ■ ■ ■ ,J :k ) : R k x M — > R fc defines a conservation law if, and 
only if, for every integrable k- vector field X = (X\, . . . ,Xk) which is a solution to the equations 
(CP, we have that 

k 

£ UXa)T a = . (9) 

A=l 



(Proof) 



}=> © Let T = (J 71 , . . . , T k ) be a conservation law and X = (Xi,...,Xk) € 
£#(R fe x M) an integrable k- vector field. If ifi: Uq C R k — > R k x M is an integral section of X, 
by the Lemma [H we have that ib is a solution to the Hamilton-de Donder-Weyl equation ([2]), 

, s / d 

and by definition of integral section we have that X A (i()(t)) 
dS) we obtain Q. 



Therefore from 



Conversely, (J9])=> ([8]). In fact, we must prove that for every solution tp: U -> R k x M to the 
Hamilton-de Donder-Weyl equations ([2]) the identity ([8]) holds. From Proposition [1] there exist 
a fc-vector field X = (Xi, . . . ,Xf-) on ip(Uo) which is solution to the equations ([I]) and tp is an 
integral section of X. We know that 



x A m)) 



Then for all ip{t) € i/)(U ) 



t £ U, 



o 



E 

A=l 



L(X A )T A (m) 



k 

E 



d 

dt A 



Definition 9 1. A symmetry of the k-cosymplectic Hamiltonian system (R k x M,H) is a 
diffeomorphism $ : R k x M — > R k x M verifying the following conditions: 

(a) It is a fiber preserving map for the trivial bundle ir^ki R k x M — > R k ; that is, <3? 
induces a diffeomorphism <p: R k — >• R k such that ir R k o & = (f> o 7r K fc . 

(b) For every section ip solution to the Hamilton-de Donder-Weyl equations we have 
that the section $ o tp o cf)~ 1 is also a solution to these equations. 

2. An infinitesimal symmetry of the k-cosymplectic Hamiltonian system (R k x M, H) is a 
vector field Y € X(R fc x M) whose local flows are local symmetries. 



As a consequence of the definition, all the results that we state for symmetries also hold for 
infinitesimal symmetries. 

Symmetries can be used to generate new conservation laws from a given conservation law, 
In fact, a first straightforward consequence of definitions [8] and [9] is: 



Proposition 4 If §:R k x M — > R k x M is a symmetry of a k-cosymplectic Hamiltonian 
system and J- = (J- 1 , ■ ■ ■ , J~ k ) : R k x M — > R k is a conservation law, then so is < I>*J r = 



(Proof) For every section ip solution to the Hamilton-de Donder-Weyl equations and for every 
i 6 we have that 

(<$>*F o xb)(t) = {T o $ o rb){t) = (F o $ o rb o 0" 1 o 0)(f) = (T o $ o rb o (#(*)) , 
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and therefore 

Div($* T o vb) = Di«(Jo$oj/;of ^ = 

on the corresponding domains. But the last equality holds since J 7 is a conservation law and 
<£ o tp o <p~ x is also a solution to the Hamilton-de Donder-Weyl equations. ■ 

The following proposition gives a characterization of symmetries in terms of /c-vector fields. 

Proposition 5 Let (R fc x M,H) be a k-cosymplectic Hamiltonian system and <E>: M fc x M — > 
~R k x M a fiber preserving diffeomorphism for the trivial bundle ir R k : M. k x M —> M fc . 

1. For every integrable k -vector field X = (Xi, . . . , X^) and for every integral section tp o/X, 
the section f oj/io^ 1 is an integral section of the k -vector field $*X = . . . , 3>*Xfc), 
and hence $*X is integrable. 

2. & is a symmetry if, and only if, for every integrable k-vector field X = (Xi, . . . ,Xk) G 
X k H (R k x M), then $»X = (Wi, . . . , $*X k ) e X k H (R k x M). 



(Proof) 



1. Given x € R fc x M, let tp : Uq C M fc — > M. k x M an integral section of X passing through 
x; that is ip(0) = x, then 3>o^o (p~ l : 4>(Uq) C R fc -> l fc x M is a section passing through 
$(z); that is, if i = 0(0), then ($ o ^ o _1 )(i o ) = $(ar). 



Next we have to prove that $ o ip 
t <G 0(C/q), and for every A = 1, . . . , k, 



d 



is an integral section of <E>*X; that is, for every 



or, what is equivalent, that the following diagram is commutative 



T(R k x M) 



■ T(R k x M) 




First, we must take into account that the diffeomorphism <p: M. k — > R fc makes a change of 
global coordinates in R k ; that is, 4>(t A ) = (t A ), and then, if tp is an integral section of X, 
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we have that 



d 

dt A 



X A {^ o <p- l ){t)) . 



d 

dt A 



Then, we obtain 



2. 



d 

dt 1 



d 



= (^po^of 1 )^)). 

(=>) Now, let x be an arbitrary point of R fe x M and ip be an integral section of X 
passing trough the point <1>~ (x), that is = ^^ 1 (x). We know that ip is a solution 
to the Hamilton-de Donder-Weyl equations (J2]). Since <3? is a symmetry, $ o tp o tfi^ 1 
is a solution to the Hamilton-de Donder-Weyl equations ([2]) and, by the item 1, it is 
an integral section of ^X passing trough the point $(^>(0)) = 3>(<J> _1 (:r)) = x (this 
means that o ip o (/> _1 )(</>(0) = ($ o ip)(0)) = x). Hence, from Lemma [TJ we deduce 
that $*X G X^(IR fc x M) at the points (<£ o ip)(t), in particular at the arbitrary point 

($O<i/?)(0) = x. 

Conversely, let ■0: [/„ C I* -> R fc x M be a solution to the Hamilton-de Donder-Weyl 
equations ([21 then (see Proposition [1]) there exists a fc- vector field X = (Xi, . . . ,Xk) on 
ip(Uo) which is solution to the equations (pQ) and ip is an integral section of X in tp{Uo). 

Since X is solution to ©, then $*X = . . . , <£>*X fe ) G £^(R fc x M) by hypothesis, 

and then, as a consequence of the item 1 and theorem <3? o ^ o <f)~ l is a solution to the 
Hamilton-de Donder-Weyl equations ([2]). ■ 



As a consequence of this, if $ is a symmetry and X is an integrable A;- vector field in % H (W k x 
M), we have that $*X - X G ker w tt n ker rjK 



Proposition 6 Let (R fc x M, H) be a k-cosymplectic Hamiltonian system. If Y € X(R fc x M) is 
an infinitesimal symmetry, then for every integrable k -vector field X = (X\, . . . , X k ) G 
M) we have that [Y, X] = ([Y, Xi], . . . , [Y, X k j) G ker J n ker 778. 



(Proof) Denote by Ft the local 1-parameter groups of diffeomorphisms generated by Y. As Y is 
an infinitesimal symmetry, as a consequence of Proposition [5] we have i*t*X — X = Z G ker oj* n 
ker 77". Then, taking a local basis of sections {Z 1 , . . . , Z r } = {(Zj, . . . , ZjJ), . . . , (Z[, . . . , of 
the vector bundle ker ui* n ker 77" — > R fc x M, we have that i^*X — X = g a 7i a , a = 1, . . . , r, with 
p Q : R x (R fc x M) — > R (they are functions that depend on t, some of them different from 0); 
that is 



F^X — X — (Ft*Xi — Xi, . . . , F^Xf, — X^ — (g a Zi, . . . , 



5a Z c 



Therefore 



L(Y)X = (L(Y)X 1 ,...L(Y)X, 



( ,. F*Ai — Xi 
urn — 



, lim • 

i->0 



Ft*Xk 



flim^Zf,...,lim^Ze 



(f a Z?, f a Z%) = f a Z a G ker J n ker 7/ 



where / Q : 



x M 
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3.2 A;-cosymplectic Noether symmetries. Noether's theorem 

As it is well known, the existence of symmetries is associated with the existence of conservation 
laws. How to obtain these conservation laws depends on the symmetries that we are considering. 
In particular, for Hamiltonian and Lagrangian systems, Noether's theorem gives a rule for doing 
it, for certain kinds of symmetries: those that preserve both the physical information (given by 
the Hamiltonian or the Lagrangian function), and some geometric structures of the system. For 
fc-cosymplectic Hamiltonian field theories a reasonable choice consists in taking those symmetries 
preserving the fe-cosymplectic structure as well as the Hamiltonian function. Bearing this in 
mind, first we prove the following: 

Proposition 7 Let (R fc x M, H) be a k-cosymplectic Hamiltonian system. 

1. If R fc x M — > R fc x M is a diffeomorphism satisfying that 
(a) $>*lu a = u a , (b) <S>*n A = r] A , (c) <S>*H = H, 

then $ is a symmetry of the k-cosymplectic Hamiltonian system (R fc x M,H). 

2. IfYe £(R k x M) a vector field satisfying that 

(a) L(Y)u; A = 0, (b) L(Y) V A = 0, (c) L(Y)H = 0, 

then Y is an infinitesimal symmetry of the k-cosymplectic Hamiltonian system (i'xM, H). 



(Proof) 

1. First, from 



dt A = n A = $ V = $*dt A = d$*t A 



we conclude that 3>*i = t A + k (k A G R). This result (together with the condition 
<fr*uj A = uj a ) means that the local expression of <E> is $(t A ,q l , pi) = (t A +k A ,<S> l (q,p),$ A (q,p)). 
Therefore it induces a diffeomorphism <p: M. k — > R fc given by 4>(t A ) = t A + k A ; hence 
TT R k o<l> = (f}OTT Rk and $ is a fiber preserving map for the trivial bundle ir R k : R fe x M — > R k . 

Now, as f] A (R B ) = dt A (J^j = S B, and $ V = $*d* A = dtA = V A , we have 

*=*(*d- l "*i&) -•'{** (*•(*>) 

thus 

* \dt B ) ~ dt B+a d q * + ' 1 dp? ' 

but, since = co A , for all A, 



(..(^))(^o.) 



and then 



( d \ d 

which implies that I J = that is, &*(Rb) = Rb- 
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Furthermore, for every fc-vector field X = (X u . . . , X k ) € X h H (R k x M), we obtain that 
$*(r) A (<f>*X B )) = ($* V A )(X B ) = V A (X B ) = 5 A , 



i{$*X a )uj a -dH + (L(R A )HW 



A=l 



Ea=i [i{X A )($>*uj A ) - &*dH + ($* L(Ra)H)($* V a )] = 
Ea=M x aP a - dH+(L(RA)H) V A ] = . 
Hence, as $ is a diffeomorphism, these results are equivalent to demanding that 

k 

r, A {<S>*X B ) = 6% ; Y,H(®* X a)u A - dH + L(R A )Hri A ] = . 
A=l 

Thus <£>*X = . . . , $*X fc ) G X^(M fc x M). Finally, if X is integrable, then $*X is 

integrable too (as Proposition [5] claims), and thus $ is a symmetry. 

2. It is a consequence of the above item, taking the local flows of Y. 



Although the condition 2(6) of the hypothesis is sufficient to prove that these kinds of vector 
fields are infinitesimal symmetries, in order to achieve a good generalization of Noether's theo- 
rem, this condition must be hardered by demanding that i(Y)r] A = (observe that i{Y)dt A = 
==> L(Y)dt A = 0). This is equivalent to write L(Y)t A = and hence, the equivalent global con- 
dition 1(6) for this case is $*t A = ^. This means that the induced diffeormorphism (f) : K — > R 
is the identity on 

Taking into account all of this, we introduce the following definitions: 



Definition 10 Let (R k x M,H) be a k-cosymplectic Hamiltonian system. 

1 . A /c-cosymplectic Noether symmetry is a diffeomorphism : R'xM — > R'xM satisfying 
the following conditions: 

(a) $*uj a = uj a , (b) <$>*t A = t A , (c) $*H = H. 

If the k-symplectic structure is exact, a k-cosymplectic Noether symmetry is said to be 
exact if<5>*9 A = d A . 

In the particular case that M = (T^)*Q (the standard model), if $ = j <p for some 
diffeomorphism cp: M k x Q — > M k x Q, then the k-cosymplectic Noether symmetry $ is 
said to be natural. 

2. Let (M. k x M , H) be a k-cosymplectic Hamiltonian system. An infinitesimal /c-cosymplectic 
Noether symmetry is a vector field Y € X(l fc xM) whose local flows are local k-cosymplectic 
Noether symmetries; that is, it satisfies that: 

(a) L{Y)oj a = 0, (b) i(Y)ri A = 0, (c) L(Y)H = 0. 

If the k-symplectic structure is exact, an infinitesimal k-cosymplectic Noether symmetry is 
said to be exact ifL(Y)9 A = 0. 

In the particular case that M = (T^)*Q, if Y = Z 1 * for some Z G X(R k x Q), then the 
infinitesimal k-cosymplectic Noether symmetry Y is said to be natural. 
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(Obviously natural (infinitesimal) k-cosymplectic Noether symmetries are exact). 



Lemma 2 If Y G 3£(R fe x M) is an infinitesimal k-cosymplectic Noether symmetry, then 
[Y,R A }= 0. 

(Proof) In fact, for all A, B, we have that 

i([Y, Ra])oj B = LOO i{RA)oo B - i{R A ) HY)u B = => [Y, R A ] G ker oj b , 
i([Y, R A }) V B = L(Y) i(R A )n B ~ i(RA) L(Y) V B = L(Y)5 B = =>- [Y, R A ] G ker r] B , 

and then [Y, R A ] G (n^ ker w B ) n (fls ker r/ B ) = {0}. ■ 
Remarks: 

• The condition $>*t A = t A means that fc-cosymplectic Noether symmetries generate trans- 
formations along the fibres of the projection tr^k : M fc x M — > M. k ; that is, they leave the 
fibres of the projection ir R k : M. k x M — > M. k invariant or, what means the same thing, 
TT Rk o $ = vr M fc . 

As a consequence, in the particular case that M = (T£)*Q, if $ = j l *ip (for some dif- 
feomorphism tp: R fc x Q — > M. k x Q) is a natural /c-cosymplectic Noether symmetry, 
then the diffeomorphism ip: R fc x Q — > M. k x Q must leave the fibres of the projection 
p R k : M fc x Q — y M fc invariant necessarily; that is, p R k o ip = p Rk . 



In the case of infinitesimal A;-cosymplectic Noether symmetries the analogous condition is 

d d 

i(Y)dt A = 0, which means that Y has the local expression Y = Yi—^ + Y A . . This 



means that Y is tangent to the fibres of the projection 7r R fc : M. k x M — > M. k . Thus 
these infinitesimal symmetries only generate transformations along these fibres, or, what 
means the same thing, the local flows of the generators Y leave the fibres of the projection 
7r R /= : M fc x M — > invariant. Furthermore, as a consequence of the above Lemma, and 

d 

taking into account that R A = r> i n this local expression for Y the component functions 

ot A 

Yi, Y A do not depend on the coordinates (t A ). 

Observe also that, in the particular case that M = (T£)*Q, if Y = Z 1 * (for some Z £ 
X(M fc x Q)) is a natural infinitesimal /c-cosymplectic Noether symmetry, then i(Y)dt A = 0, 
necessarily. 

In addition, it is immediate to prove that, if li,y 2 G X(R k x M) are infinitesimal Noether 
symmetries, then so is [Yi, Y2]. 

It is interesting to comment that, for infinitesimal fc-cosymplectic Noether symmetries, the 
results in the item 2 of Proposition [5] and in Proposition [6] hold, not only for integrable A;- vector 
fields in 3C^(IR fc x M), but for every fc-vector field X G X k H (R k x M). In fact, for the first one 
we have 



^T i ([Y,X A ])u } A = ^{L(Y)i(X A )u } A -i(X A )L(Y)u A } = ^UY)(dH-(L(RA)HW 

A=l A=l A=l 

k 

£{d(L(Y)(tf)) " (HY)L(R A )H) V A - (l(Ra)H)UY) v a } 
=1 

k 

Y / (UR A )HY)H)n A = 0. 



A=l 

k 



A=l 
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Furthermore 

i([Y, X A ])if = L(Y) i(X A ) V B - i{X A ) UY)r] B = , 
and the proof for the second one is straighforward. 

As infinitesimal /c-cosymplectic Noether symmetries are vector fields in R k x M whose local 
flows are local /c-cosymplectic Noether symmetries, all the results that we state for /c-cosymplectic 
Noether symmetries also hold for infinitesimal /c-cosymplectic Noether symmetries. Hence, from 
now on we consider only the infinitesimal case. 

A first relevant result is the following: 

Proposition 8 Let Y G x M) be an infinitesimal k-cosymplectic Noether symmetry. 

Then, for every jjGM'x M , there is an open neighbourhood U p 3 p, such that: 

1. There exist T A G C°°(U P ), which are unique up to constant functions, such that 

i{Y)u A = dF A , (on U p ) . (10) 

2. There exist Q A G C°°(U P ), verifying that L(Y)9 A = d( A , on U p ; and then 

T A = i{Y)6 A — Q A , (up to a constant function, on U p ) . 

(Proof) 

1. It is a consequence of the Poincare Lemma and the condition 

= L(Y)u A = i(Y)du A + di(Y)u; A = di{Y)u A . 

2. We have that 

dUY)0 A = L(y)d0 A = - L(Y)lo a = 

and hence h(Y)9 A are closed forms. Therefore, by the Poincare Lemma, there exist Q A G 
C°°(U P ), verifying that L(Y)8 A = d( A , on U p . Furthermore, as (fit))) holds on U p , we obtain 
that 

d( A = L(Y)e A = di{Y)e A + i{Y)de A = di{Y)e A - i(Y)u A = d{i{Y)e A - t a } 

and thus [2] holds. 



Remark: For exact infinitesimal /c-cosymplectic Noether symmetries we have that J- = 
i(Y)6 A (up to a constant function). 

Finally, the classical Noether's theorem can be stated for these kinds of symmetries as follows: 

Theorem 4 (Noether's theorem): IfY G X(M fc x M) is an infinitesimal k-cosymplectic Noether 
symmetry then, for every p G M fc x M, there is an open neighborhood U p 3 p such that the 
functions T A = i(Y)9 A — Q A , define a conservation law T = (J 71 , . . . ,J rk ). 
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(Proof) Let X = (X 1 ,...,X k ) G X k H (R k x M) an integrable fc-vector field. From ([ID} one 
obtains 



k 

.A 



Y,L(X A )T A = ^i(X A )d^ = ^i(X A )i(y)a; A = -i(y)^i(^) 
A=l A=l A=l A=l 

k k 

= - l (Y)dH + £ i(y)((L( J RA) J ff)^) = - LpOff + £(L(i^)#) i(Y) V A = , 

A=l A=l 
that is, J 7 = (J~l, • • • , .F ) is a conservation law for the Hamilton-de Donder-Weyl equations. ■ 

Observe that, using Darboux coordinates in M fc x M, the item 2 of Proposition [8] tells us that 
the conservation laws associated with infinitesimal /c-cosymplectic Noether symmetries does not 
depend on the coordinates (t A ) (as it is obvious since the generators of these symmetries, the 
vector fields Y, neither depend on them). 

4 Example 

4.1 A;-cosymplectic quadratic Hamiltonian systems 

Many Hamiltonian systems in field theories are of "quadratic" type and they can be modeled 
as follows. 

Consider the fc-cosymplectic manifold (M fc x (T^)*Q, rj , co A , V). Let gi, . . . ,gk be k semi- 
Riemannian metrics in Q. For every q G Q we have the following isomorphisms: 

g\ : T q Q — > T*Q 
v i-> i(v)g A 

with A £ {1, ... ,k} and then we can introduce the dual metric of g A , denoted by g A , which is 
defined by 

g A {a cn Pg):=g A {(g A y 1 {a q ),(g A )- 1 (P q )) , for every a q , q G T*Q and A G {1, k} . 

We can define a function K G C 00 (lR fc x (T^)*Q) as follows: for every (i, q; a q , . . . , a q ) G R k x 
(Tl)*Q, 

1 k 

K(t,q;al,...,a k q ) :--^;* 1 



g A {a q ,a q ). 



A=l 

Then, if F G C°°(IR fc x Q) we can introduce a Hamiltonian function # G C°°(lR fe x (T£)*Q) of 
quadratic type as follows 

Using natural coordinates (t A ,q l ,p A ) on M fc x (T^)*Q the local expression of H is 



tf(i A ,g>, A ) = \ 9 % k )p A pf + V(t B ,qi) 



A=l 



where g A denote the coefficients of the matrix associated to g* A . Then 



A=l 
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Moreover, if X = (Xi, . . . , X k ) e X k H (R k x (T£)*Q) with 

k 



the equations §\§ lead to 



B=l 



(Xa. 



B d , /v \i 8 , ( V \B d 



Ot 



B 



+ WqJ + ( x a 



dp: 



B 



that is, we have obtained 



A=l 



A=l 



1 K F)cP k 

(X A f = 5 B A , (XaY = 9 A pf (A fixed) , -^{X^f = "-^^pfpt + ~ dU 



ay 

dq l 



X A 



9V ldg 3 AAA 



with (X B )f = 



Pjpk 



dq l 2 dq i * 3 

Now, if ijj{t) = (t A ,ifj' t (t),ipf(t)) is an integral section of X then 



x A ^(t)) = Mt) 







\dt A 


.)"[ 



+ T77T T; 7 + 



Thus, from (jlip and (I12p . we obtain the Hamilton-de Donder-Weyl equations 



dV 



dq 



Am) 



1 u ^A i A i A 

2 dq* ^ ^ k 



j2(x A )t(m) = J2 



A=l 



A=l 



drbj 
dt A 



dtp 1 



Xf(m) = ^A (^flxed) 



Then, from these equations we conclude that 



W = {9a\ 



dip 



(A, i fixed) 



and hence the equations for the integral sections are 



EG? 



E 



dg 



dV 1 



Qqi 2 f-; dq 1 

A,j,k,l,m 



dip 1 dip m 



-{9a)u{9a) 



(12) 



(13) 



for all i. 



(14) 



We also may prove the following result 



Proposition 9 Let X be a Killing vector field on Q for the semi-Riemannian metrics g%,...,gk 
(that is, L(X)g A = 0, for all A € {l,...,k}) such that X(V) = 0. Then, the vector field X 1 * 
on M. k x (T£)*Q is a natural infinitesimal symmetry for the k-cosymplectic Hamiltonian system 
(R k x (T%)*Q,H). Thus, ifT = (X, . . . ,X) : R k x (T fe 1 )*Q -> R k is the map defined by 

F(t, q;al,...,a k ) = (aj(*(g)), . . . , a k q (X(q))), 

for (t,q;al, . . . ,ct k ) el fc x (T^)*Q, we have that J 7 is a conservation law for the Hamiltonian 
system. 
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(Proof) As we know 

L(X 1 *)9 A = 0, for all A. 

Moreover, it is clear that 

i(X 1 *)rj A = 0, for all A. 

So, it is sufficient to prove that 

L{X U )H = 0. 

Now, using that X 1 * is (ttq)I -P r °j ec table over X and the fact that L{X)V = 0, we deduce that 

L(X 1 *)(l/o(vr Q )t i0 ) = 0. 

Next, we will prove that 

L(X U )(K) = 0. 
Assuming that the local expression of X is 

• d 

X = X 1 ^- , 
dq l ' 



then, as ~L(X)gA = 0, we have that 

d_ 

oq> oq 



OX^ dX^ 
X{(gA)jk) = -~K-j(9A)ki ~ -^{9A)jl, for all A,j and k 



which implies that 

ft ^3 r) )T* 

X W = ~^9t - for all A, z and j. 

Therefore, using that the local expressions of X 1 * and K are 

4 8X 3 d 1 in A A 



da 1 3 dq 1 <9w^' 2 , 

1 j4,»J 



we conclude that 

L(X U )K = 0. 

Furthermore, if X : T*Q — >• R is the linear function on T*Q associated with the vector field X, 
it follows that 

[i{X u )9 A ){t, q;a\,..., a k q ) = X(af), for all A. 
Consequently, T = (X, . . . ,X) is a conservation law (see the remark after Proposition [8]) ■ 

4.2 A particular case: the wave equation 

As particular examples of these kinds of systems we can detache the following case (see [23] for 
a more detailed explanation): 

Consider the three-dimensional wave equation 

a w- T {d^ + w + ^) =0 - (15) 

In this case M = R 4 x (T 2 1 )*Q (i.e., fc = 4), with Q = R (n = 1), and i = 1, . . . , 4, are the 
semi-Riemannian metrics on R 

91 = <?dq 2 , g 2 = g 3 = g 4 = -rdq 2 , 
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q being the standard coordinate on R. We have done the identifications t 1 = t and t 2 = x,t 3 = 
y, t 4 = z, where t is time and x, y, z denote the position in space. Then, ip(t, x, y, z) denotes the 
displacement of each point of the media where the wave is propagating, as function of the time 
and the position, and a and r are physical constants. 

The wave equation (|15[) is then a particular case of the equation (|14p for the quadratic 
Hamiltonian 



H= 1 - 

2 



a t 



<E C°°(M 2 x (T^)*R) 



d 

We have that the canonical vector field on M, — , is a Killing vector field for the semi-Riemannian 

dq 

metrics gt, i = 1, . . . ,4. Thus, 

F= (p 1 ,p 2 ,p 3 ,p 4 ) : M 4 x (T^yR-j-R 4 

is a conservation law for the three-dimensional wave equation. 
Note that if 

is a solution to the Hamilton-de Donder-Weyl equations then, from (|14p . it follows that 



! dip 2 dip 3 dip 4 dip 
ot ax ay dz 

Thus, the conservation law leads to the starting field equations. In fact, 



7 a 2 ^ /a 2 ^ a 2 V> a 2 VM . 



5 Conclusions and outlook 

We have studied symmetries and reduction of &-cosymplectic Hamiltonian systems in classical 
field theories; in particular, those which are modeled on fc-cosymplectic manifolds M = M fc x M, 
with M a generic /c-symplectic manifold (which we have called almost-standard /c-cosymplectic 
manifolds). 

In particular we have analyzed a kind of /c-cosymplectic Noether symmetries for which there 
is a direct way to associate conservation laws by means of the application of the corresponding 
generalized version of the Noether theorem. 

As discussed in Section [3l for the almost-standard /c-cosymplectic Hamiltonian systems, the 
symmetries that we have considered in this work have the following geometric characteristic: they 
generate transformations along the fibres of the projection M fc x M — > As a consequence, 
in a local description, the associated conservation laws do not depend on the base coordinates 
(t A ). This could seem to be a strong restriction but, really, many symmetries of field theories in 
physics are of this type. In any case, a theory of symmetries, conservation laws and reduction 
concerning to more general kinds of symmetries would have to be developed. 
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